CANDIDATE NUMBER

SYDNEY GRAMMAR SCHOOL

82
L)—— Ul

*
*
*

2015 Assessment Examination

FORM VI
MATHEMATICS EXTENSION I
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General Instructions
e Writing time — 2 hours
e Write using black or blue pen.

e Board-approved calculators and tem-
plates may be used.

e A list of standard integrals is provided
at the end of the examination paper.

Total — 70 Marks

e All questions may be attempted.

Section I — 10 Marks
e Questions 1-10 are of equal value.

e Record your solutions to the multiple
choice on the sheet provided.

Section IT - 60 Marks
e Questions 11-14 are of equal value.
e All necessary working should be shown.

e Start each question in a new booklet.

Checklist

e SGS booklets — 4 per boy
e Multiple choice answer sheet
e Candidature — 112 boys

Collection

e Write your candidate number on each
answer booklet and on your multiple
choice answer sheet.

e Hand in the booklets in a single well-
ordered pile.

e Hand in a booklet for each question
in Section II, even if it has not been
attempted.

e If you use a second booklet for a ques-
tion, place it inside the first.

e Write your candidate number on this
question paper and hand it in with your
answers.

e Place everything inside the answer
booklet for Question Eleven.

Examiner
LYL
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SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet
handed out with this examination paper.

QUESTION ONE

The polynomial P(x) = x* 4+ 2* — 72® — x + 6 has four linear factors. Which expression
below is NOT a factor of P(x)?

(A) z-—1
(B) x—2
(C) z+1
(D) z+6

QUESTION TWO
Which graph best represents y = 2sin™! 57

(A) ) (B) YA
Jp ‘ T
f | > i }' >
- n X -1 /1
,,,,,,, 5 L
(©) (D)

Exam continues next page ...
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QUESTION THREE

A particle is moving in simple harmonic motion according to the equation
=1+ 6sin(2t + 27).
In what interval does the particle oscillate?

(A) —6<z<6

QUESTION FOUR

The exact value of sec (Sin_l(—%)) is:

(A) -2
(B) 22
(C) 22
(D) -2

QUESTION FIVE

The expression V3sinz — cos z is equivalent to:

(A) 2sin(z — F)
(B)  2sin(z + §)
(C)  2sin(z + 2F)

(D)  2sin(z — 2F)

Exam continues overleaf ...
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QUESTION SIX

Which of the following is an expression for / cos? 2x dx?

1
— —sindz + C

(4) -3

1
(B) x-— Zsin4x+0

z 1
(C) §+§Sln4$-‘r0

1
(D) z+ Zsin4az+0

QUESTION SEVEN

A particle moves on a horizontal line so that its displacement x cm from the origin is given
by x = t3 — 5t — 3t + 4. Take right as the positive direction.

At time t = 2seconds the particle is:
(A) right of the origin, travelling to the left and accelerating to the right

(B)  left of the origin, travelling to the left and accelerating to the right
(C) left of the origin, travelling to the right and accelerating to the right

(D)  right of the origin, travelling to the right and accelerating to the left

QUESTION EIGHT

Consider the function f(z) = sinz + %COS 2z in the interval 0 < z < 27. Which of the
following is the z-coordinate of a stationary point of f(z)?

(4) 0
®) =
© I
(D) U=

Exam continues next page ...
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QUESTION NINE

A projectile is fired with an initial velocity of 30 m/s at an angle of elevation of 60° to
the horizontal. Let z and y be the respective horizontal and vertical components of the
displacement from the point of projection, and take g = 10 m /s

The initial conditions are:

(A) &=15V3,&=—-10,y=15and j =0
(B) &=230V3,%=0,y=30V3and j = —10
(C) &=15V3,i=0,y=15and j = —10
(D) &=15,&=0,y=15V3and §j = —10

QUESTION TEN
Find the values of x for which (z 4+ 1)(z — 2)(x — 3) > 0.

(A) —-l<z<2orz>3
B) z<-lor2<z<3
(C) z>-lor2<zx<3

(D) —-1<x<3

End of Section 1

Exam continues overleaf ...
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.
Show all necessary working.

Start a new booklet for each question.

QUESTION ELEVEN (15 marks) Use a separate writing booklet. Marks

(a) Find the exact value of /

]

V1-— 93:2
(b) Find the value of k if z — 2 is a factor of P(z) = 2® — 3kz + 10.

]

(c) The equation 2° + 3z% — 2z + 1 = 0 has roots «, # and 7.
(i) Write down the values of af + ay + vy and afy.

(=] ]

1 1 1
(ii) Hence, evaluate — + — + —.
a [
(d) H._ G
D C 3m
E F
7 m

The diagram above shows a rectangular prism with dimensions 8 m by 7m by 3m.
Find the angle the diagonal BH makes with the base ABFE. Leave your answer
correct to the nearest minute.

(e) Without the aid of calculus, sketch the graph of P(x) = (z + 1)(x — 2)(x + 3)°.
Show clearly any features including all intercepts with the axes.

(f) Initially a ball is thrown at 20m/s at an angle of elevation of 30° from the top of a
building 40 m high. The equations of motion of the ball are

= 10tv3
y = —5t% 4+ 10t

where x and y are the horizontal and vertical components of displacement from the
point of projection at time t seconds after the ball is thrown.

(i) At what time will the ball hit the ground?
(ii) Find the horizontal range of its flight.

[=][=]0]

(iii) Find the Cartesian equation of its path.

Exam continues next page ...
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QUESTION TWELVE (15 marks) Use a separate writing booklet.

(a) (i) Factorise 2® — 52 + 8z — 4.

(ii) Hence solve the equation x> — 52% + 8z — 4 = 0.

(b) The function f(x) =3 — & — 2 is defined over the domain x > 2.
Find the equation of the inverse function f~!(z) and state its domain.

(c) Prove that sin(f + % )sin(d — I) = sin® 6 — 2.

(d) The acceleration of a particle P is given by & = —2e~* where z is the displacement

from the origin O and right is taken as the positive direction. The particle starts at
the origin with a velocity of 2m/s.

(i) Show that v* = 4e™ 7.
) Assuming that v is positive, find the displacement as a function of time.
(iii) Briefly describe the displacement and velocity of the particle as t — oc.
)

Explain why the velocity could be assumed to be positive in part (ii).

(e) (i) Differentiate y = xtan™! 2.

(ii) Hence find a primitive of tan™! x.

(iii) Find the area bounded by the curve y = tan™' x, the z-axis and the line z = 1.

Exam continues overleaf ...
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QUESTION THIRTEEN (15 marks) Use a separate writing booklet. Marks

(a) Two zeroes of a polynomial P(z) of degree 3 are —2 and —4. When x = 1 it takes
the value of 15 and when = = —3 it takes the value of 7. Find the polynomial.

(b) The motion of a particle is given by = = 1 4 2sin 3¢, where ¢ > 0.
(i) Prove that the motion is simple harmonic by showing that
&= —n?(x — x0).

(ii) Write down the period and the amplitude of the motion.

][]

(iii) Find the first two times when the particle returns to the centre of motion. Give
your answers as exact values.

(c) B

3 km

5 km

T S
x

The diagram above shows a technician 1" observing work on a pipeline that is being
built out from the shores of Darwin. The technician is standing onshore x km due
west of the start of the pipeline S. He can see two company boats A and B which
are respectively 5 km and 8 km due north of the point S. Let 6 be the angle that AB
subtends at T

8 5
(i) Show that § = tan™' — — tan™* —.
x x
(ii) Show that € is maximised when the technician is 2v/10 km from the point S.
3
iii) Hence show that the maximium value of  is tan™* [ —= ). 2
(i (s7)

Exam continues next page ...



SGS Assessment 2015 ........... Form VI Mathematics Extension I ........... Page 9

QUESTION FOURTEEN (15 marks) Use a separate writing booklet.
" 7
Zs )

50 m

The diagram above shows a stone thrown with a velocity of 35m/s at an angle 6 so
that it just clears a 15 m high wall that is 50 m from the origin on the same horizontal
plane.

(i) Show that the two equations of motion for the horizontal and vertical components
of displacement are respectively:

x = 35t cos 0
y = 35tsinf — 5t
Assume that g = 10 m/s? and ¢ is time in seconds.
(ii) Find the angles at which the stone could be thrown.
Give your answers correct to the nearest degree.
(b) A line with gradient m intersects the cubic curve y = (x — 1)(x + 2)(z — 3) at the
point P(3,0) and at two other points @ and R.
(i) Show that the x coordinates of the points of intersection satisfy the equation:
23 —22% — (m+5)z+6+3m =0
(ii) Find the equation of the line through P which is also a tangent to the curve at

another distinct point.

(c) On a certain day the depth of water in a harbour is 3 metres at low tide and 9 metres at
high tide. Low tide occurs at 5:00 am and the following high tide at 1:00 pm. Assume
the rise and fall of the tides is simple harmonic. Find between what times on that
day a ship may safely enter the harbour, if a minimum depth of 4 metres of water is
required.

(d) (i) Find the general solutions of the equation 2sin 3x cos4x — 1 = cos4x — 2sin 3z.

(ii) Hence find the two smallest positive solutions of this equation.
End of Section II

END OF EXAMINATION

Marks
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The following list of standard integrals may be used:

1
/x"daz: "o #£ -1, x£0,iffn<0
n+1

1
/—dx:lnx, x>0
x

1
/e”dx:—e”, a#0

a

1
/cosaxdx:—sinax, a#0
a

) 1
sinardr = — —cosax, a#0
a
9 1
sec“arxdr = —tanax, a # 0
a
1
secartanardr = —secazr, a # 0
a

1 1
/7dx:—tan_1£, a#0

a? + x2 a a

. 1T
T = sin 1—, a>0, —a<z<a
a

1
/\/c12—332 d

/%dwzln(az-ﬁ- 932—a2) z>a>0
2 — a2 ’
1
_ 2 2
/x2+a2dx—ln<x+ x-i—a)

NOTE: Inx =log,x, x >0
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